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Abstract
An improved numerical scheme is proposed for advection-dominated advection-diffusion problem. The
scheme is based on Galerkin finite element method (FEM) with basis enriched with approximations to
residual-free bubbles. The stabilisation effect of the numerical scheme was studied on several benchmark
problems with high-Pe´clet numbers. Comparison to traditional hp-FEM, reveals improved stability and
computational performance.
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1. Introduction
This paper proposes a numerical approximation method for solving a steady linear advection-diffusion
problem, described by the partial differential equation (PDE),
Lu := −k∆u+w · ∇u = f in Ω
u|u∈∂Ω = 0.
(1.1)
Here the unknown u is a real function defined on a bounded domain Ω ∈ R2 with Lipschitz continuous
boundary ∂Ω; f ∈ L2(Ω) is the source term; the diffusion coefficient k > 0 and the vector-valued advection
filed w are assumed to be piecewise constant functions on Ω. The equation (1.1) becomes a singularly
perturbed problem when k  |w|h, where h is a discretization step of a numerical method. It’s known that
in this case the standard Galerkin FEM based on linear or bilinear polynomials doesn’t solve the problem
adequately: non-physical oscillations are exhibited [12].
A family of enriched methods has been developed in order to overcome such artefacts. We will address
the most efficient methods of this class: the hp-FEM and the residual-free bubble (RFB) method. The
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hp-FEM is a generalization of FEM based on piecewise-polynomial approximations, which employs elements
of variable size h and requires a special system of basis functions of order p [10].
In the RFB method the basis of the standard FEM is enriched with so called ’bubble’ functions, that
satisfy exactly or approximately an equation involving the differential operator (1.1) in the interior of
each element and vanish on their boundaries [5]. Such approach requires solving a PDE sub-problem for
every element of FEM to define the enrichment. The RFB method is often used for advection dominated
advection-diffusion problems [4, 8, 1, 2].
The accuracy of approximation for RBF sub-problems strongly correlates with convergence speed of the
enriched method. Indeed, if for every element K we set the bubble function ubK ≡ 0, the RFB method will
be reduced to the standard FEM. On the other hand, if we exactly satisfy the sub-problem’s differential
equation, the RFB method gives an almost optimal approximation in H1 [3]. For this reason, the strategy
of sub-problem approximation for the RFB method is very important.
In some cases the standard FEM (often with a refined mesh) is employed for solving RBF sub-problems
on every element [9, 14, 7]. Such approach exhibits stable solutions for mesh Pe´clet numbers up to 105.
Involving a bilinear approximation on sub-meshes for constructing the bubble enrichment ubK , brings
certain difficulties:
(i) using ubK in the variational equation requires computing its gradients, but being a piece-linear function,
differentiation of ubK brings well-known problems with stability;
(ii) for the same reason numerical integration of expressions with ubK and its derivatives has to be done with
a low order quadrature (i.e trapezoidal rule instead of Gauss-Legendre quadrature);
(iii) finally, if the operator involved in (1.1) is strongly non-symmetric which is the main case addressed in
this paper, the FEM needs to be applied with a small discretization step to avoid artefacts. This reflects
dramatically on the overall performance time, since the sub-problem needs to be solved on every element.
In this paper we will search for a more efficient approaches to approximate RFB sub-problems.
2. The RFB framework
Let’s denote a bilinear form a : H10 ×H10 → R
a(u, v) :=< k∇u,∇v > + < w · ∇u, v >, (2.1)
then the variational formulation for (1.1) is: to find uh ∈ H10 , such that
a(u, v) =< f, v >, ∀v ∈ H10 (Ω). (2.2)
We assume that in sense of measures ∇ ·w ≤ 0 which guarantees the well posedness of (1.1) for any k > 0:
indeed it makes (2.1) coercitive on H10 (Ω) [1]
a(v, v) ≥ k|w|2H10 . (2.3)
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Let ζh = {K} be a standard partition of Ω in quadrilateral elements K, where h = max
Kinζh
diamK – mesh
diameter. We assume ζh to be admissible (i.e. non-overlapping elements, their union reproduces domain,
etc.) and shape regular (satisfying a minimal angle condition). We also choose a space V h ⊂ H10 (Ω), related
to the choice of partition ζh. Thus the Galerkin method for the problem (1.1) is: to find uh ∈ V h, such that
a(uh, vh) =< f, vh > ∀vh ∈ V h. (2.4)
We also assume that the diffusion coefficient and the advection vector field are constant on every K from
ζh. Let S1(K) be the space spanned by bilinear functions defined on the partition element K, S1(K) =
span{φ11, φ12, φ13, φ14}. Therefore an arbitrary function from S1(K) could be presented as
u1K =
4∑
i=1
ciφ
1
i ,∀K ∈ ζh. (2.5)
Let’s split the approximation space V h into a composition of the finite dimension space S1(K) and the
enrichment space of bubble functions
V h(Ω) = V h1 (Ω)⊕Bh(Ω), (2.6)
where
V h1 (Ω) = {v ∈ H10 (Ω) : v|K ∈ S1(K),∀K ∈ ζh}, (2.7)
Bh(Ω) = {v ∈ H10 (Ω) : v|∂K = 0,∀K ∈ ζh}. (2.8)
An element of (2.6) could be written as
V h(Ω) 3 uh = u1 + ub, (2.9)
where u1 ∈ V h1 (Ω), ub ∈ Bh(Ω). Therefore we can rewrite (2.4) as
a(uh, v1 + vb) =< f, v1 + vb >,
∀v1 ∈ V h1 , vb ∈ Bh,
(2.10)
which leads to
a(uh, v1) =< f, v1 >, ∀v1 ∈ V h1 (Ω); (2.11)
a(uh, vb) =< f, vb >, ∀vb ∈ Bh(Ω). (2.12)
Taking (2.8) into account we transform the variational formulation (2.12) to a set of PDE problems: for
every K ∈ ζh find ubK ∈ H10 (K), such that
LubK = f − Lu1K on K,u1K ∈ S1(K);
ubK |∂K = 0.
(2.13)
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Let’s denote the operator FK(x) : S
1(K) → H10 (K), that maps an element u1K ∈ S1(K) into a solution of
the sub-problem (2.13). Evidently, FK is a linear non-invertible operator.
Let’s denote ubK as a linear combination of elements from B
h(Ω), using the same coefficients as in (2.5)
ubK =
4∑
i=1
ciφ
b
i , φ
b
i ∈ H10 (K),∀K ∈ ζh. (2.14)
Using (2.9), (2.13), (2.5), (2.14) and properties of operator FK we come up with
uh|K =
4∑
i=1
ci,j(I + FK)(φ
1
i ),
i = 1..4,K ∈ ζh,
(2.15)
here I denotes the identity operator.
Generally, to apply the RFB method one needs to perform the following steps:
(i) define partition ζh;
(ii) calculate the values of φbi = FK(φ
1
i ), i = 1..4, for all K ∈ ζh;
(iii) using standard Galerkin method calculate ci,j from (2.11), taking the basis enrichment (2.15) into
account.
We refer to (2.5), (2.14) as the exact RFB method, because generally speaking, dim(Bh(Ω)) =∞. Even if
we set degrees of freedom for the bubble space to be a finite number, we still need to compute FK(x) using
a discrete method. The FEM on sub-mesh is commonly used for this purpose [13, 6, 4, 1, 9]. As we will see
later, using a spectral method often shows better stability for problems with high Pe´clet number.
3. Spectral methods for solving RFB sub-problems
With no loss of generality we consider K to be
{(ξ, η) : −1 ≤ ξ, η ≤ 1}. (3.1)
We will use a discrete variation equation over a finite space instead of (2.12).
a(up, vp) =< f, vp > − < w · ∇u1K , vp >,
∀vp ∈ Bp0(K),
(3.2)
where space Bp0 is spanned by the hierarchy basis[15]
Bp0(K) = span{Mri,j , r = 1..p, i+ j = r}, (3.3)
Mpi,j = (1− ξ2)(1− η2)Li(ξ)Lj(η), i+ j = p− 1, (3.4)
Lp(τ) is the Legendre polynomial of p
th order. Ansatz for approximated solution is:
up =
p∑
r=1
∑
i+j=r−1
cri,jM
r
i,j , (3.5)
4
Figure 1: 2D domain Ω with symmetric boundary condition
Thus, by fixing the approximation order p and substituting (3.5) into variational equation (3.2), (3.3), we
arrive with a full discrete scheme for computing ci,j :
p∑
r=1
∑
i+j=r−1
cri,ja(M
r
i,j ,M
r1
i1,j1
) =
=< f,Mr1i1,j1 > − < w · ∇u1,Mr1i1,j1 >,
r1 = 1...p, i1 + j1 = r1 − 1.
(3.6)
which is a linear system with (p+ p2)/2 equations, defined by a square, invertible and full matrix.
Proposed strategy has several benefits:
(i) The approximation of the solution up belongs to Cp what makes an accurate gradient calculation possible;
(ii) the numerical solutions with high smoothness are known to exhibit better stability when approximating
a solution of a PDE with strongly non-symmetric operators involved [11];
(iii) it is relatively easy to apply an optimal, in respect to number and position of nodes, integration
quadrature to up and to its first partial derivatives, as they are polynomials of degree p and p−1 respectively;
(iv) there is no need to recalculate the matrix of the system (3.6) for every finite element, but its right part
column. Consequently, the computation time is saved.
4. Numerical tests
4.1. A two-dimensional problem with symmetric boundary conditions
For benchmark purposes, we provide simulation results for the problem described in Figure 1. We
set the diffusive coefficient k = 1 and compute the solution for two advection fields, constant on Ω. All
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Figure 2: L∞ error norm (ε) in nodes as a function of the approximation order p; a)approximated RFB method; b)hp-FEM.
Mesh Pe´clet number 1.25× 102.
cases were tested using a uniform mesh of 100 quadratic elements. We use the approximated RFB method
described in sections 2 and 3 for computation. Convergence analysis for different approximation orders and
two Pe´clet numbers is illustrated on Figures 2,3. The convergence diagrams of the hp-FEM with equivalent
approximation order are provided for reference. As can be seen, the approximated RFB method provides
a much faster convergence speed compared to the hp-FEM when dealing with high Pe´clet numbers. The
approximated RFB method has a clearly observable tendency to produce better approximation in L∞ norm
when degrees of freedom is an odd number.
4.2. A two-dimensional problem with non-symmetric boundary conditions
Let’s consider problem described in Figure 4. As in the previous example we set k = 1. Since the
stabilization effect is of prior interest, all cases were tested using 100 quadratic elements and uniform mesh.
Computational results for the approximated RFB method described in sections 2,3 and for hp-FEM with
p = 13 are provided. We consider cases with different Pe´clet numbers (see Figures 5,6,7,8).
It can be observed, the both methods exhibit a good stabilization effect when Pe´clet number is relatively
small (Figures 5,7). However, this tendency is not kept when the Pe´clet number becomes higher. Indeed,
hp-FEM shows non-physical oscillations when Pe´clet number reaches 105 (Figure 6). In contrast, the
approximated RFB method continues to generate stable results up to Pe = 1015, Figure 8. The relationship
between degrees of freedom and time, needed to compute the task, is illustrated in Figure 9.
We have to note here, that due to the fact that the coefficients of (1.1) being constant in the whole domain
Ω, an obvious performance optimization for the developed methods is possible – the basis enrichment FK(x)
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Figure 3: L∞ error norm (ε) in nodes as a function of the approximation p; a)approximated RFB method; b)hp-FEM. Mesh
Pe´clet number 1.25× 1014.
Figure 4: 2D domain with boundary condition
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Figure 5: Approximated solution, computed with hp-FEM, 100 elements, p=13, Pe = 103.
is computed once and used on every element. Since similar optimization could not be applied to hp-FEM a
large difference in computational performance is observe in Figure 9.
Conclusions
A new strategy for implementing the approximated residual-free bubble method is proposed. It was
found that the approach shows a strong stabilization effect when applied to the advection-diffusion problem
with high Pe´clet numbers. Using the proposed method, oscillation-free numerical solutions of the target
problem were achieved for mesh Pe´clet numbers up to 1014. The proposed discrete scheme shows high
computational performance, and is parallelization friendly.
Furthermore, the strategy finds the approximated solution of a PDE in the piece-polynomial space using
a basis similar to that of hp-FEM. From this point of view, one may refer to the discussed strategy as a
substitution to hp-FEM. When comparing the numerical results to those of hp-FEM, a better convergence
and computational performance is observed. The use of odd number for degrees of freedom is recommended.
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